Abstract. In this paper, we develop a new central finite difference scheme in terms of both time and space for solving the first-order necessary optimality systems that characterize the optimal control of wave equations. The obtained new scheme is proved to be unconditionally convergent with a second-order accuracy, without the requirement of Courant-Friedrichs-Lewy (CFL) condition on the corresponding grid ratio. An efficient preconditioned iterative method is further developed for solving the discretized sparse linear system based on the relationship between the resultant matrix structure and the coupled PDE optimality system. Numerical examples are presented to verify the theoretical analysis and to demonstrate the high efficiency of the proposed preconditioned iterative solver.
Introduction.
Optimal control problems governed by time-dependent partial differential equations (PDEs) [3, 4, 16, 27, 39] have been very attractive to the scientific computing community in the last decade due to that solving this type of problems requires highly extensive computing. Such problems appear in a wide range of applications such as flow control design [10] , aerodynamic shape optimization [17] , and photoacoustic tomography [2] . In order to achieve various desirable control purposes, both efficiency and accuracy of numerical computing become not only critical but also essential. It requires a fully understanding of the subtle interplay among numerical optimization, numerical PDEs, and numerical linear algebra in order to develop approachable computing. In this paper, we develop a new implicit scheme in time, associated with a wellstructured preconditioned iterative fast solver, to solve the optimality systems arising from optimal control problems governed by wave equations.
Let Ω = (0, 1) d , d ≥ 1, be the spatial domain with boundary Γ := ∂Ω. Given a finite period of time T > 0, define Q = Ω × (0, T ) and Σ = Γ × (0, T ). We consider the following standard optimal control problem [27] of minimizing a tracking-type quadratic cost functional (Ω) and y 1 ∈ L 2 (Ω). The existence, uniqueness and regularity of the solution for the optimal control problem (1.1)-(1.2) are well established [27] . By defining an appropriate Lagrange functional and making use of the strict convexity, the optimal solution pair (y, u) to (1.1)-(1.2) is shown to be completely characterized by the unique solution triplet (y, p, u) to the following optimality system It is well-known that the main challenge for solving (1.4) results from the fact that the state y and the adjoint state p are marching in opposite orientations. Its numerical discretizations will create an enormously huge algebraic system of equations as we have to resolve all time steps simultaneously [12] . Different from elliptic and parabolic cases, there are few available results on fast computing of optimal control of wave equations. There are some developments of numerical algorithms for the optimal control of hyperbolic or wave equations [5, 7, 8, 9, 19, 20, 21, 22, 23, 24, 25, 28, 40] . Some comprehensive and interesting results are given, for example, in [23] . In their work, the authors analyzed the superlinear convergence of the semismooth Newton method that is employed to treat the inequality control constraints in optimal control problems governed by the wave equation. The discretization is through finite element approach for distributed control, Neumann boundary control, and Dirichlet boundary control, respectively. The original second-order wave equation is formulated as a first-order system for their discretizations, in which the time variable is discretized by the Crank-Nicolson scheme based on the trapezoidal rule. However, there is no discussion for the implementation of the proposed algorithms for solving the resultant discretized systems. Furthermore, the reformulated first-order system introduces two extra dependent variables, which increases the computational burdens. Another notable work can be found in [28] . In their approach, the authors applied the finite volume element method to the distributed control problems governed by second-order hyperbolic equations, where the optimal error estimates in certain norm were proved for the spatially semi-discrete optimality system, but the convergence of the full-discrete scheme is not seen. In the given numerical experiments, the spatial and temporal step sizes are chosen to satisfy the Courant-Friedrichs-Lewy (CFL) condition that may not be desirable for an efficient algorithm. For solving the discretized system, a nice fixed-point iterative algorithm is provided in [33] . However, when the regularization (or penalization) parameter γ in the cost functional becomes small, the approach for our underlying problem may suffer from slow convergence or even divergence. More recently, numerical methods were developed for the optimal control of nonlinear hyperbolic system with possible discontinuous solutions [6, 13] . However, the implementation of fast computing for solving the discretized optimality system has not been discussed. Although these second-order schemes are available in literature, to the best of our knowledge, the study of an efficient numerical implementation (fast solver) for the optimal control problem of wave equations has not been seen yet.
Generally speaking, an efficient numerical implementation includes two steps: the first step is to seek a numerical discretization that is not only convergent but also can provide a well-structured discretization, and the second step is to develop an efficient iteration for the obtained large algebraic systems. These two steps are inevitably correlated closely. If a high-order numerical scheme is developed with a poor structure, then the design of an efficient numerical implementation will become very difficult, if it is not impossible. Therefore, in order to have an efficient implementation, it is essential to develop the numerical schemes that can be suitably adapted to the later construction of iterative linear solvers [14, ?, 29, 30, 32, 34] so that it can handle large-scale degrees of freedom and high dimensions.
In this paper we develop a new modified central difference scheme for both time and spatial variables. The proposed numerical scheme for solving (1.4) is not only shown to be unconditionally stable but also to have a nice discretized structure. It is not required to satisfy the CFL condition that usually is necessary in classical theory for solving hyperbolic equations by standard explicit scheme [26, 38] . Based on our setting, we construct an effective preconditioned iterative solver for solving the resultant discretized linear system. The paper is organized as follows. In next section we give the standard explicit scheme in time with a central finite difference scheme in space for discretizing the optimality system (1.4) and illustrate the drawback for this approach. As a development, we present a new implicit scheme in time and provide the error estimate of the resulting full-discrete scheme in Section 3. Section 3.3 discusses the construction of an effective block upper triangular preconditioner by the well-known GMRES method that is suitable for solving the corresponding discretized system. Numerical experiments are performed in Section 4 to validate our theoretical outcome and to demonstrate the effectiveness of the proposed preconditioner. Finally, the paper ends with concluding remarks in Section 5. To simplify the notations, we only present the analysis for the case d = 2, but the results presented in this paper hold for arbitrary d ≥ 1.
A standard central difference scheme. We partition the time interval
We also define the discrete gradient
, and the discrete Laplacian (in 2D)
We discretize the equations (1.4) by the leap-frog scheme in time with a standard five-point second order central difference discretization in space
and
with Y n ij and P n ij being the discrete approximation of y(ξ i , ζ j , t n ) and p(ξ i , ζ j , t n ), respectively. Similarly notations are used for f n and g n . The initial conditions are derived by Taylor expansions and using (1.4) to represent y tt and p tt , that is,
where we have used the final time conditions p(·, T ) = 0 and p t (·, T ) = 0.
To illustrate the structure of the discretized system, we formulate the above explicit scheme into a two-by-two block structured symmetric indefinite linear system
where
Here I is an identity matrix of appropriate size and the vectors y 0 , y 1 , f n , g n , y n , and p n are the lexicographic ordering (vectorization) of the corresponding function approximations over spatial grid points. Notice that the submatrix F h and its transpose F T h become very ill-conditioned when the CFL condition (τ ≤ h) does not hold (detailed argument is provided in Appendix A), which is expected since this corresponds to the instability of the explicit scheme applied to a single wave equation. Although, due to the coupling effects, the whole system seems to be wellconditioned regardless of the CFL condition, it is difficult to design efficient iterative solvers by existing approaches, such as by preconditioned GMRES [34] , with the ill-conditioned F h . We shall modify the above scheme in next section to remove the requirement of CFL condition and to avoid solving the ill-conditioned matrix F h resulted from standard discretization.
3.
A new scheme with a fast preconditioned solver. One critical observation is that the above explicit scheme in time prevents us from solving the coupled system in an efficient way by various time-marching algorithms as usually seen in handling a single wave equation. This motivates us to change the explicit scheme that relies on CFL condition to an implicit scheme so that restrictions on mesh size ratios can be eliminated. It is expected that implicit schemes are more suitable for developing robust iterative solvers. In this section, we introduce an implicit central difference scheme for optimality system, which not only allows us to show the convergence but also to construct an effective preconditioner of the corresponding discretized system. 3.1. The modified scheme. We propose the following scheme (averaging the Laplacian term)
with Y n ij and P n ij are the discrete approximations of y(ξ i , ζ j , t n ) and p(ξ i , ζ j , t n ), respectively. Compared to the standard central difference scheme (2.1)-(2.4), we artificially introduce a second-order approximation over three consecutive time steps, i.e.,
which maintains the same second order of accuracy as the standard central difference scheme does. The initial conditions are derived based on Taylor expansions up to the order O(τ 3 ), by using (1.4) to represent y tt and p tt , i.e.
where we have used implicit schemes in approximating Y 1 i,j and P
. In Section 3.3 we will see that the implicit schemes used in (3.5)-(3.6) leads to the successful construction of an effective preconditioner.
By denoting
2 ∆ h , the scheme above can be formulated as a symmetric indefinite linear system
where the first two components of f h are different from previous standard scheme. The matrix L h has a much smaller condition number than F h in (2.5), which will be crucial to the development of efficient iterative solvers. In the following Table 1 , we report the numerically estimated condition numbers of the standard and modified central difference scheme for the given example 1 presented in Section 4 with T = 2 using MATLAB's build-in function condest. Here we set τ = 2h, which clearly violates the CFL condition (τ ≤ h). From this example one can see that F h is highly illconditioned compared with L h , which will inevitably incapacitate any numerical methods that rely on computing or approximating F −1 h v for solving the algebraic system (2.5). Our modified scheme does not suffer from this drawback since the corresponding L h is even much more well-conditioned than the whole system M h . For our approach, the computation of L
−1
h v plays an important role in the implementation of a desirable preconditioner. In Appendix, we provide a formal argument in which it shows that the condition number of F h grows exponentially when the CFL condition is not met. Table 1 The condition numbers of the explicit and implicit scheme for Ex. 1 (with T = 2 and γ = 10 −2 ).
Explicit Scheme
Implicit Scheme 
Error estimates of the numerical solution.
In this section, we present error estimates for the numerical solution given by the scheme (3.1)-(3.6). The discrete version of Poincare inequality (e.g., see [18] ) will be used, i.e. there exists a positive constant C 0 , independent of h, such that if y = (y ij ) satisfies the boundary condition
Throughout our approach, the following discrete version of integration by parts will be used:
where the functions z, w are defined on the mesh points and vanish on the boundary ∂Ω. We first introduce the following two lemmas that will be used in the proof of Theorem 3.3.
Lemma 3.1 (Lemma 5.1 of [15], Discrete Gronwall's inequality). Let
where the constant C β,T only depends on β and T .
Lemma 3.2. For any function w defined on the mesh points of Ω vanishing on the boundary ∂Ω, we have
h w∥ ≤ ∥∇ h w∥, and (3.13)
Proof.
Since −∆ h is symmetric and positive definite, we denote by
Similarly, we have
Therefore, ∥D
w∥, and the proof is thus completed. 
To simplify the notations, we denote by C 1 , C 2 , · · · , positive constants which do not depend on τ , h, n or k in the following arguments.
Notice that the exact solution y
where (3.18) and (3.19) are derived via Taylor expansions by using (1.4) to represent y tt and p tt . Also, F n and G n denote the truncation errors, which satisfy 
The discrete inner product of (3.20) and e n+1 − e n−1 yields (3.24) and by summing up the equations for n = 1, · · · , N − 1, one can get
which in together with (3.22) implies that
(3.26)
Similarly, the discrete inner product of (3.21) and η n+1 − η n−1 gives (3.27) and by summing up the equations for n = 1, · · · , N − 1, we have
By using Lemma 3.2, the sum of (3.28) and γ× (3.26) implies
where C 2 is some positive constant and E τ,h : 
By using the last inequality, one can convert the analysis of the forward and backward boundary value problem to the analysis of an initial-value problem, where the initial errors e 0 , e 1 , η 0 and η 1 are well controlled. Let 1 ≤ k ≤ N − 1 be fixed and sum up (3.27) for n = 1, · · · , k. Then we obtain that
By summing up (3.24) for n = 1, · · · , k, we derive
Next adding (3.32) with γ× (3.33) , and by making use of (3.31), we have (note e 0 = 0 and τ 4 ≤ γ)
) .
(3.34)
By moving the term
to the left-handed side and using the definition of E n τ,h we reduce (3.34) to
which holds for any 1 ≤ k ≤ N − 1. Next we apply discrete Gronwall's inequality to (3.35 ) that leads to
and we have
Finally, by applying the discrete Poincare inequality, the conclusion follows, and the proof of Theorem 3.3 is thus completed.
3.3.
A fast preconditioned iterative solver. Next we are ready to utilize the preconditioned Krylov subspace methods, such as GMRES method [34] , to solve the symmetric indefinite sparse linear system (3.7), i.e.,
For this type of two-by-two block sparse linear system with a saddle point structure, various numerical methods have been summarized in [1] . Our main goal here is to find an effective and efficient preconditioner which can speed up the convergence under GMRES approach by altering the spectrum distribution of the original system in a desirable way. Inspired by the framework presented in [36] , we construct the following symmetric indefinite constrained preconditioner
where L h has a block upper triangular structure with the same diagonal block D h . Here L −1 v can be quickly computed by applying a block forward substitution as well as the well-known FFT algorithm to solve each diagonal block. In particular, the preconditioning step P −1 v can be done with N M log(M ) operations for 1D case and with N M 1 M 2 log(M 1 M 2 ) operations for 2D case. From the structural entries of L h in P h we know that P h is nonsingular. Moreover, the right preconditioned system is given by
Clearly, half of the eigenvalues of
are ones, while the remaining half are determined by
By exploring the connection between the matrices L −1
h and L
−T h
and the underlying discretized linear system (3.1)-(3.2), we are able to show the following theorem, which implies that all eigenvalues of the preconditioned coefficient matrix
are real numbers and they are uniformly greater than one and less than an upper bound which depends only on the parameters γ and T .
Theorem 3.4. Let λ(R h ) be any eigenvalue of R h , then λ(R h ) ∈ R and
where κ is a positive constant that is independent of τ and h.
Proof. Using the fact that λ(AB) = λ(BA), we have
) is a real number and so is λ(R h ). To show the lower bound, we need to invoke the fact that λ(AA T ) > 0 for any nonsingular matrix A. Obviously, the matrix
h ) is nonsingular and thus it follows 
Recall that for the corresponding finite difference discretizations (3.2) of L T h , the solution ⃗ ψ solves
with the initial conditions ψ
h q N /2 and ψ N = 0. We consider the discrete inner product of (3.42) with ψ n+1 − ψ n−1 , which gives (3.43) and by summing up the equations for n = k, · · · , N − 1, we obtain
where we have used Lemma 3.2 in the last step. By applying Gronwall's inequality, we derive
where C 6 is some positive constant which is independent of τ and h (but may depend on T ). The last inequality above, together with (3.10), yields
where κ is a positive constant that is independent of τ and h. The proof is thus completed.
To illustrate the effect of our theoretical estimates, in the following Fig. 1 and Fig. 2 , we plot the numerically computed eigenvalues of M h and M h P −1 h for Ex. 1 with γ = 10 −2 using M = N = 16 and M = N = 32, respectively. As anticipated, the eigenvalues of preconditioned systems are highly accumulated around one within a uniformly bounded interval, which reasonably envisions a fast convergence with the preconditioned GMRES method. Notice that the eigenvalue distributions of M h P −1 h fall nicely to our estimated bounds. Such desirable clustered spectrum distributions after preconditioning are achievable with our proposed implicit scheme, which is hardly possible for the standard explicit scheme. According to our estimates, the preconditioned GMRES method may show a slower convergence rate as the regularization parameter γ decreases to zero, but this is an inherent problem due to the very weak convexity of the underlying cost function. How to come up with an effective and regularization parameter robust preconditioner in such a case is another active and widely open research topic, with many recent contributions [31, 35, 37] as well as references therein. 
Numerical examples.
In this section, we will provide several numerical examples to validate the obtained theoretical results and to demonstrate the high efficiency of our proposed approach. All simulations are implemented using MATLAB R2014a on a laptop PC with Intel(R) Core(TM) i3-3120M CPU@2.50GHz and 12GB RAM. The CPU time (in seconds) is estimated by timing functions tic/toc.
For simplicity, we will denote the discrete L 2 norm on Q in short by ∥·∥, that is ∥·∥ := ∥·∥ L 2 h (Q) . Based on the error estimates, we also defined the discrete
norms of state and adjoint state approximation errors
and e
and then estimate the experimental order of accuracy by calculating the logarithmic ratios of the approximation errors between two successive refined meshes, i.e., Order = log 2 (e 2h /e h ), which should be close to two for a second-order accuracy. For initialization of the iterative methods, the state y and the adjoint state p are set to be zero, and the stopping criterion is chosen to be
where r and tol = γ × 10 −4 for 1D and 2D examples, respectively. Example 1. Let Ω = (0, 1) and T = 2. Choose y 0 (x) = sin(πx), y 1 (x) = 0,
such that the exact solution is y(x, t) = sin(πx) cos(πt) and p(x, t) = sin(πx)(t − T ) 2 . The numerical results of our implicit scheme solving by the preconditioned GMRES method with regularization parameter γ = 10 −2 and γ = 10 −4 are reported in Table 2 and 3, respectively. The implicit scheme delivers a clear second-order accuracy, which validates our proved error estimates for the implicit scheme. The required number of iterations for achieving convergence criterion is independent of mesh size and the computational CPU time grows roughly as a linearithmic function (O(m log(m))) with respect to the degrees of freedom m, which shows the excellent effectiveness of our proposed preconditioner. However, comparing the column 'Iter' in Table 2 and 3, it takes more iterations for a smaller γ, which is reasonable by our Theorem 3.4.
For comparison, we also give the corresponding results of the same implicit scheme solved by MATLAB's backslash sparse direct solver in Tables 4 and 5. Notice that MATLAB's sparse direct solver is highly optimized by making the best use of the sparsity. Hence it seems reasonable to use it as a benchmark. Nevertheless, our proposed implicit scheme with preconditioned GMRES is computationally more efficient than the sparse direct solver as the size of the discretized system is increased. For such 1D problems, it seems that sparse direct solver still has certain marginal advantage in CPU time when the size of the discretized system is small, but this is not the case for handling more complex systems such as the 2D problems appeared in next following example. Table 3 Results for Ex. 1 with γ = 10 −4 (Implicit scheme with preconditioned GMRES). Table 7 Results for Ex. 2 with γ = 10 −4 (Implicit scheme with preconditioned GMRES). 
The numerical results for Ex. 2 are reported in Table 6 , 7, 8, and 9. Similar conclusions can be drawn as in the previous example. With a laptop PC, the sparse direct solver can not handle a 64 × 64 × 64 mesh (about 262,144 unknowns) due to the requirement of high memory costs, while our preconditioned GMRES method can solve a 256 × 256 × 256 mesh (about 16,777,216 unknowns) in about two minutes. The key difference is that the preconditioned GMRES approach has a linearithmic time complexity while the sparse direct solver usually does not. This shows a marvelous advantage of iterative methods over (sparse) direct solvers in handling large-scale problems such as the one we are confronting here.
Next we demonstrate by numerical examples that our proposed approach is also valid for the cases that the tracking trajectory g is discontinuous as well as the control constraint is appeared, though theoretical arguments are not available at this point. This indicates that it may be a worthy of a further study under our framework, in particular, for the control constraint cases. 
and a non-attainable discontinuous target function g given by
In this example, since the exact solutions are not known, we will report the relative residuals of computed approximations to verify the convergence of our preconditioned GMRES iterative solver. We futher compute the difference norm ∥y h − g∥ to show how the computed optimal state y h approaches the desired target g, as the regularization parameter γ is decreased. Here we use a fixed tol = 10 −6 so that the iteration numbers are comparable as γ varies. With a fixed γ = 10 −2 , Table 10 presents a quite similar mesh-independent convergence result as previous cases.
With varing γ, the computational results with a fixed mesh M 1 = M 2 = N = 32 are given in Table 11 . As expected from our Theorem 3.4, the required iteration numbers in column "Iter" grows almost linearly as γ is decreased. Moreover, Fig. 3 and 4 illustrate the corresponding desired state g as well as computed optimal state y h with γ = 10 −4 , γ = 10 −6 , and γ = 10 −8 , respectively. Clearly, a smaller γ leads to smaller tracking errors, but with more computational costs.
Example 4. In this example, we numerically investigate the applicability and efficiency of our proposed approach for the case with bilateral box constraints on control (see, e.g., [23] and references therein). More specifically, we enforce the constraint u ∈ U ad := {u ∈ U |u a ≤ u ≤ u b } with u a , u b ∈ U . We implement our proposed algorithm within the framework of semismooth Newton (SSN) method [23] . The generalization of our modified finite difference scheme is straightforward. In each Newton iteration, our preconditioned iterative solver is employed to approximate the corresponding linearized Jacobian system, which has a very similar structure as in our unconstrained case.
Let Ω = (0, 1) and T = 2. Choose y 0 (x) = sin(πx),
such that the exact solution is y(x, t) = sin(πx) cos(πt) and p(x, t) = sin(πx)(t − T ) 2 . The corresponding optimal control can be derived from the projection u = max{u a , min{u b , p/γ}}.
Based on numerical experiments, we choose tol = 10 −8 and tol = 10 −4 for the relative residual based the stopping criteria of the outer SSN iterations as well as the inner GMRES iterations, respectively. To balance the outer and inner tolerances usually delivers a better overall performance. For simplicity, we set the initial guesses of the outer SSN iterations and the inner GMRES iterations to be zero. Such a choice seems to work very well for our example due to a reasonable convexity (i.e. γ is not too small) even though the SSN method usually is locally convergent in general. The numerical results for Ex. 4 are reported in Tables 12 and 13 , from which one can see a clear second-order accuracy of our modified scheme as well as a mesh-independent convergence of the embed SSN approach. The column 'GMRES Iters' lists the corresponding numbers of precoditioned GMRES iterations that work on solving the Jacobian linear system at each Newton iteration. It shows that only about two preconditioned GMRES iterations are sufficient to approximately solve the algebraic system up to the given tolerance 10 −4 . For this particular example, the preconditioned GMRES convergence rate also seems to be independent of the mesh size and insensitive to the regularization parameter γ. This nice convergent property indicates that our preconditioned iterative solver works well in this case, though theoretical verification is not available yet. Fig. 5 depicts the computed optimal state and optimal control under the given control constraints.
Concluding Remarks.
In this paper, we have shown the second-order accuracy of a new implicit scheme in time for a system of forward-and-backward coupled wave equations arising from wave optimal control problems. The proposed scheme is unconditionally stable and the welldeveloped discretized structure allows us to develop a fast solver with an effective preconditioner by using the preconditioned iterative method. Numerical experiments demonstrate a high degree of consistency with our theoretical analysis.
In view of the analysis given in [18] , the hypothesis y, p ∈ C 4,4 (Q) may be further relaxed by using integral representations of the truncation errors instead of Taylor series expansions. If we denote S h as the standard finite element space of piece-wise polynomials defined on Ω, and define the operator ∆ h : S h → S h by
then the scheme (3.1)-(3.2) and (3.5)-(3.6) consists of finite difference time discretization and finite element space discretization. The proposed implicit time-stepping scheme as well as the obtained preconditioner are also expected to work seamlessly with finite element discretizations in space. However, it is not clear at this point whether our preconditioning strategy can be extended to finite element or discontinuous Galerkin discretizations in time, since the system discretization structure may not be preserved. The case with control constraints, although it is not analyzed in this paper, can be approached by utilizing semismooth Newton methods (or equivalently primarydual active set strategies) as an outer iteration in together with our proposed scheme and solver. The preliminary numerical results in Example 4 suggest that our proposed method is also very promising when applied to the constrained case. A further discussion will be reported elsewhere.
Appendix A: the conditioning number of F h .
In this appendix, we show that, under certain condition, the conditioning number of F h appeared in section 2 grows exponentially as h → 0. T is a column vector such that each f n is a row vector f n = ( f n1 , . . . , f nM ). Note that the solution of (A. 
